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To form the required differential equation. The general 


‘solution atthe ” 
equired differential equation may be written as 
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= 2Ax+ BBx + 2x log x). (4) 
Subtracting (2) from ed =F SIR oc PS (xp" 


Substituting this value of B in (3), we have c 
24 = y" ~ (12x) ey" "VG + 2 logy) * S 


= (I/Ax) [2xy" ~ Gy" — y’) (3 +2 log x). ae 
per the above eal A and B in (1), we have se 


= (x/4) [2x — 32x" +.3y' ~ Ixy" log x+ 2y" log x} + (x/2) log x (xy” -¥"') ae 
ee (— xy" + 3y" — Qay" log x+ 2y' log x) +2xlogx(y"~y') > : i 

~ 3xy' + 4y = 0, which is the required equation. -. oe a 

ix. mars uate the Wronskian of the 2 functions x and x é. Hence eonelude | + 


“or not these are linearly independent. If they are independent, set up 
the di ifferential equation having them as its independent solutions. 


™~e 


— py yVl2x. 


af | y = Ay, + By, = Ax’ + Bx’ log x. a ( ! ) S z 

a Where A and B are arbitrary constants. ° - 2 =A 

Q _Differentiating(1), y= 24x +8 Ox logt-a).- a” & Ph: 

i Differentiating (2), sy” = 24 +B(Qlogx+2+41). 30.8 ° 3 is 

> We now eliminate 4 and & from (1), (2) and (3). To this end, we first’ ms é Pe 

ES solve (2) and (3) for-4 and 2. Multiplying both sides of (3) by x, we get =. Aft 
x. & 
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[Meerut 97] 
Sol. an =x and yy =x e’. Then their Wronskian W(x) 1s given by 
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To form the required differential equation. The general solution of the 
required differential equation may be written as 


Y= Ay, + By, = Ax + Bx &, ee 
Where A and Re are arbitrary Constants. a : 

Diffezentiating (1), y 

Differentiatin 2 (2), 
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_ SOLVED EXAMPLES | 

Ex. 1. Ufy,(x) = sin 3x and y,(x) = cos 3x are two solutions of differential 

equation y" + 9y = 0, show that y,(x) and y,(x) are linearly independent 
solutions. (Delhi B.Sc. Goons) 1996] 
Sol. The Wronskian of y1@) and ¥_X) . 


sian3x cos a 


[2 26] ~ 13 cos 3x _3sin 3x] aie =3sin” 3x 3:c0s" oe 


vie) yz (4) 
=3 (sin’. 3x + cos” 3x) =-3 «0. | _ + 


Since We) s #0; H@) and y(x) are linearly indeperidésit: solutions of 
ye + 9y= 0. 


Wx) =- 


Ex. 2. Prove. that: SiN. 1 Dx: and ¢ cos 2x are elution of. the differential - 


equation aa = 4y= 0: darndl these solutions are linearly. indépendent. 
: 7 | BF ae Gh. Sc.) (G) 1998] 
Sol. Given equation is yp + 4y =). a . : as © ACT) 
0. a rer Wy i) = sin 2x and y,(x) = cos as | oar 2) 
| a5 =2:cos 2x and yo 4 sin 2x 2x, . 3) 


4 sin 2e+4 sin 2x +0, by) and (3) 


. Now, ee ay 


HO) 4 4y,0) > 
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Hence; WO= sin 2x isa solution of ( 1). Similarly. we can in prove: that ye) : 


‘ds. a 2 solution. of (1)... | 
“Now, the. Wronskian Hm) of v4) and YX) | is given aby 


es | cos 2x. 
« |2cos2x 2sin2e| ~ 


rey Xz, te] 
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_ Since Wx) #0, sin ‘2x and cos 2x are linearly independent solutions of 


Q). | 


“He = 2. sin Ox "20s" 2x 


Ex. 3. Show that linearly a solutions of y= Dy + 2y =O are 


@° sin X. and ¢ é.cosx. What is as general solution ? Find the solution yx) with 
the property 30) 2 19 iy (0) = = 3. —— B.Sc. (P) 96, Delhi EB. Sc. (Bt) 2082} 
Sol, Given sauittion is ~2y'+2y=0. (1) 
Let »,(x) 
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é “sim x and re @ cas x. 7 (2) 


‘From:(2), " yi(x) ae sin x te" cosx=e (sinx + Cos x) eh 
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From (3), vi) 


e* (sin x + cos x) + & (cos x — sin x)= 2eE COS x. (4) 
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iefesenience ue Solution of Linear Differential Equations” | 

Now, yr) 2yi(x) + 2y,(x) = 22 cos x — 2e* (sin x + cos x) + 2e” sin x= 20. . : 
showing that y,(x) = é° sin x is a solution of (1). : 

- Sumilarly, we can show that y,(x) = é€ cos x is a solution of (1). mG 
Now, the Wronskian W(x) of y,@x) and y,0x) ts given. by | 


—_— 


¥i(X) _ ¥2(x) 
mH (x) 10) 


W(x) = 


e pa x) e* (cosx—sin x) 
=e (sin x cs x — sin’ x)- en “(sin x cos x + cos *x) = =e #0, 


. showing that W(x) + 0, and hence y,(x) and y,(x) are linearly independent 
solutions of (1). 


- The general solution of (1) is given.by [Refer Art. 2.11] 


Wx) = cy (x) + Cyy,(x) =e (csin x +c, cos x); (5) 
| awhere c, and c, are arbitrary constants. 


From (5), y‘(x) = @ (c, sin x +c, cos x) + e* (c, cos x — c, sin x)....(6) 
pene x=Qin (5) and using the given result }(0) = 2, we get 
y(O) = c, orc, =2. 
Putting 2 x = 0 in (6) and using the given result y’(O) = ay we get 
— ¥) =c) +e, 0r —-3 =2 4c, orc, =—S. 
- fyam (5), the solution-of given equation satisfying the given properties 
(a Ae yre e cos x — 5 sin x). 
 UBK. 4. Show that e” and e* are linearly independent solutions of 
y" —Sy' + 6y = 0. Find the solution y(x) with the property that y(O) = 0 and 
yO=HbkL - : {Delhi B.Sc. (G) 1998] 
Sol. Given equation Is y” — Sy’ + 6y=0. | (hy) . 
Let y,(x) = e* and y,(x) =e”. 7c) a 
From (2) y(x) =2 e* and Vix) =4e™ E ..-(3) FS 


VG) — 5 vi) + 6y,@) = 4e*-5 Qe") +6e%=0, = 
Showing that Yt is a solution of ( os | 
‘Similarly, we find that y,(x) = en isa Soiinon of (4), 

iNow, the. Wronskian W(x) of iii and y(x) i Is given by 
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A QS 


whi that that Yi e* and Y2{x)= e™* ate linearly independent solutions 
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The general solution . ee is given by 


yWxXN=c, eo 4 ce, c,and c, being arbitrary constants. 4) a 7 


From (4), y(x%) = 2 c,e* +3 ce. . ; | (9) 
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- Independence of Solution of Linear Differential Equations 5 
Putting x = 0 in (4) and using (0) = 0, we-get c, +c, = 0. (6) 
Putting x = 0 in (5) and using y'(Q) = 1, we get 2c, + 3c, = LL AY) = 
Solving (6) and (7), c, =—1 ae o = 1 and so from (4), we have : = 

y(x) = &” — eas the required solution. i 
x, B. Show that y (x) = sin x and y3(x) = sin x — cos x are linearly- : 
- independent solutions of y“ + y=. Determine the constanis c, and c, so that - 
the solution sin x +3 cos x = Cy) + c2y5(2). [Delhi B.A. (P) 2662} 7 
Sol. Given equation is y" ty =0. AA). : = 
_Herey (x) =sinx so that yx) = cos x and yj'(x) =— sin x. .(2) : 
Hence yx) + y (x) = - Sin x + sin x = 0, showing that y,(x) 1s a : 
solution of (1). Similarly, we can show that y,(x) ts also a solution of (1). as 
Oe the Wronskian of y,(x) and y,(x) ts given by . : = 
Ww : yy) yr{x) sinx siInx—COs x : = 
x = f : r - =. =e 
yi) y3(x) COsSx Cosx +Sin Xx 5 Ee 
= sin x (cos x + sin x) — cos x (sin x — cos x)= 10, 
showing that y,(x) and y,(x) are linearly independent solutions of (1). 
Given that sinx + 3 cos X= C yy) - Czy>(x) 
OL sinx +3 cosx = c, sinx +c, (sin x — cos x). (3) 
Comparing the coefficients of sin x and cos x on both sides.of (3), we get * 
Cc, +c, = land —c, =3 so thatc, =4 and c¢, =-3. 
Ex. 6. Show that x and x é& are linearly independent on the x-axis. 
—— —*—C 
Sol. The Wronskian W(x) of x and x e* is given by : 
i e 
: de. xy] _ xe ioe 
Wx) =|ox PRO VRL or x — 
as x . x x 2 x I an 
| =x(e txe)}-xeHxe€. Ze SS 
. x ms & 
We observe that W(x) # O for x + 0 on the x-axis. Hence x and x € are 23 
a independent on thie x-axis {Refer corollary to theorem ofAt26]).  ~  .2: & 
 &y. (. Show that the Wronskian of the functions x’ and x’ log x is non=: : pe = 
zero. Can these functions be indpendent solutions of an ordinary differential os 
equation. If so, determine this differential equation. [Meerut 1988, 98| ss = 
: 2 ? . ae = 
Sol. Let y,&) =x and yx) =x" log x. oa 
The Wronskian W(x) of y, and y, 1s given by : : s 
Yi 2 x? x* logpx 2 3 . 
B(x = E =X ox) 2a log x: SS 
= yO 2x 2xlogx+x| ~ a a 6 a ee 
- Loe * - * - ‘ ? oe 
-. W(x) =x, which is not identically equal to zero on (—co, «). Hence ine Fy 
solution y,.and y, can be linearly independent solutions of an ordinary Pe oR 
differential equation. ae 
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a : iihiciesete yp" =24+8 (2 esse 2 4: en QB) : 
= W. : a 
a. _ sag eliminate 4 and B from (1), (2) and (3). To this end, we firgt 
de solve (2) and (3) for 4 and B. Muluplying both sides of (3) by x, we get 


Visage.’ 
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i. xy" = Ax + B 3x + 2x log x), ee Sg 
: : Subtracting (2) from (4), 2y"~y'=2Bx or B= ey : a : ff: 
24 ; ; Substituting this value of Bi in ee we Have : = : 
e | * 6% fA (12x) Gy" = y)G+2ogx) 7 LE e fe 
rp A eee ~ CAx) [2 — xy" — y') 3B + 2 log x]. 4 2 BO ES 
=. See the above hie A and Bi in (1),. we have = = : - E eS: 
aio. Or oe ride ie y logx +2y' log x] + (x/2) log x (xy" — y’) 3 2 = fe 
z | =X (— xy" + By" — 2ay" log x + 2y' log x) + 2x log x (ay —y’) - ; ae 
: t.. xy" 3xy’ + 4y = 0, which is the required equation. : ge OIE. 
ee | 7 Evaluate the Wronskian Of the functions xandx es Hence Canelude. <22 z | ; : 
_ ., Whether°or not these are linearly inde ependent. If they are in dependent, setup = = 
; Ge differ ential equation having them as its independent solutions EL 
a {Meerut 97] . 2 | | 
ol. Let y, = x and Vy =X é. Then their Wronskian W(x) is given by _ = 
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To form the required differential e equation. The general solution ofthe = ¢ mE 
required differential equation may be wiitten as a - 8 

2 | Ie = Ay; + By, = Ax + Bx &, ay =e a 
DQ : where A and B are arbitrary constants. oS . | aa ar: 
(oF _ Diffes rentiating (1), y’ = A + B(é + xe’) =A +B ‘a + xe .QY a 2 3 
? Differentiati ee 1 ee ‘ 7 ae: 
ae We, 9 Oe tte] = BER +3). .Q) Eb ob & 
Bas ; edad eliminate A.and B from (1), (2) and (3).. To this we first solve (2) ae SE 


who 


i } ‘From (3), B= = y Te (2 + x)}. . | = : 
Substituting this value of B in (2), we have 3 
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— independence of Solution of pine Differential Equations: 


Substituting the above values of A and B i in (1), we get 


(24 x)y'-(U+x)y in y ret * = 
24x e*(2+x)} ue BS 


x (2 + x)y" —x(1 + x)y" + 2" 


I 


is 


Or Cs xy 


or Xx oy" —x(2+ xy +62 + xy = 0, ne IS thee eee ~ e 

Ex. 9.(a) Show that the solutions € ,€”, e7 ** of (d’yldx*) — 2(d? yldx? es 
(dy/dx) + 2y = O are linearly independent aad hence or otherwise solve the : 
given equation. ~ [Dethi B.Sc. (G) 1993, 98 ; Meerut 87, 98] = 


"Dy" y+ y= 0, = 1) 


Sol. Given equation is 
e", y, =e and y, =e ...(2) 


Let yy 
Here : alike tana, Mania ..-(3) | 

oe 2yi! — yt 2y, =e * — 2e* ~ e* + 2e* = 0, by (2) and (3) . : a 

Hence y, = ina solution of (1). Similarly, we can show that ¢ “and Bo 

_ e- are also solutions of (1). a 

_ Now, the Wronskian W(x) of y,, yo, ¥3 in given by . = ce 
Wo Ya Vs ee 

WO) = |i va ¥3 | 

yy Vx Ys | 
eit & F 

= (@.e*.e*)}]1 -1 2 

L Jl 4 


—_> 
Go Gr 
= —6 a which is not identically zero. on (—, 00) 
Hence y,, y>, y; are linearly independént solutions of (1) [Refer corollary 


of theorem III of Art 2.6]. Since the order of the given equation (1) is three, it : 
_ follows that the. general solution of (1) will contain three arbitrary constant? - - . 
C1, Cy, C, and is given by (Refer Ast. 2.41] | =e 5s 
| Y= CY F Cy 4 CzV3 Er YF Cy e+ ce" . ce". = = 
Ex.9. (b) Show that the solutions e oe e “of yy" —4y'+ 4 =Oare = 
’ linearly independent and hence or otherwise solve the Sdaad equation. : 
 *Alint. Try yourself as in-Ex. 9 - (a) Te y=ae- toe" + c3e = 
Ex. 10. Prove.that the functions 1, x, x are llinearly independent. Hence 
from the differential equation whose roots are \, x, x’. a 1996, 97]. 3 
Sol. Let . | yc) = 1, yx) =x and y,(%) = x’. _ (1) : : 
Then the Wronskian W(x) of y1, ¥21V3 is: given by oo 
iN = (Vi ¥2 V3 l x x : : 
We) =| ys|=]O L 2x, using (1) mg 
a yw yf jo 4 
_Or oo W(x) = 2 #0 for any x € (—«, «). 
Hence, y,, ¥2, and ys are linearly independent. ee 8 
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'.Ladependence of Solution of Linear Differential Equations if P| BES 
Z. Test the linear independence of the following sets of functions : ad a : 
oe S35 ; 
; (1) sin x, cos x. (Ans. Linearly independent} — ae eS. 
- (7) L+x, 1+ 2x, x. (Ans. Linearly independent}— fe $f es 


aieey 


y 
age 


(ii) x? - 1, x? — xt 1, 3x” — x - 1. (Ans. Linearly dependent}— gs 3. 
(Aus. Linearly independent]™ = ‘ . 


eure 


' 
ean 


(iv) sin x, cos x, sin 2x. 
. 0) &le,sinarx — (Ans. Linearlyindependert] ~~ 
: x -x _- a iinet oe 
(vi) e,xe, sinh-x. ie (Aus. Linearly independent] : 
ax sin 3x, sin x, sin x.” [Ans. Linearly dependent] pe Se 
Show that the functions « e cos x and e’ sin x are linearly independent. Form ae Ey 
° the a eo equation of second order having these two functions as independent Be 
solutions [Ans. y" — 2y' + 2y = 0] 
a Euaiiare the Wronskian of the functions ¢” and x e*. Hence conclude whether 
or not they are linearly independent. [f they are independent set up the differential 7 ee 
= equation having them as its independent solutions. (Ans. —-2y +y=0] . oo a. 
. 5. Show that any two solutions of the equation y" + f(x)y’ + g(x)y = 0s f(x) and 
2(x) being continuou’s on an open interval J, are linearly independent, if and only if, 
their Wronskian is zero for some x =x, On 1. [Meerut 1992] 
{Hint. -Proceed exactly as in theorem V of Art. 2.13 fora =2.] > 
6. {Ifthe functions p(x) and g(x) are continuous ona<x <P, and ifthe functions 
y, (x) and y,(x) are linearly independent solutions of the differential equation y" + p(x)” 
+ 9(x)y=0, then prove that the Wronskian Wy,, ¥) in non- vanishing on « < x < f. 
[Hint. Proceed exactly as in. theorem V of Art 2.13 forn= 2] 
7. Show that linearly independent solutions of y* — 3v' + 2y =O are e& and er. = 
Find the solution )(x) with the property that 3(0) =0, (0) = 1. [Ans. p(x) = en — e*] : 
(Deltsi B.Sc. (G) 2000) 
8. Show that the y,(x) = x and y,(x) = {| are linearly independent on the real 
line, even though the Wronskian cannot Si neue 
9. Show graphically that y,()= x * anid y(x) =x] x| are linearly independent on 
0 <x <0, however se vanishes for every real value of x. g-F5 - 
10. Show thatce ‘sand e are linearly a solutions of y — y=90 on any ian 
interval. (Nagpur 96] 
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I. Show that -p, Ge =€ x2 sin (x V3 /2) and y,(x) = _ 


S 


~x/2 . 
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° (1) 


Seqmentwise 


Poe, dans’ 


: _ Ordinary: Differenti tial Equations and Laplace’ Tranfornis : z = 


ee 
Ses, 
: “Sb OO: es at 4 
+ Solves — st s—-—y= 
2B dxe d 


See Ga Ne de 


+ (l—x) — =v te’ 
RS 


= Solve the equation ¥ 
a 


2) olve (457) } dxt(xzt2’) dy + (y*-xy) dz=0 


ager = If) =, gQ)= tt! for t > 0 2 bug f() = (0 = 0 
d? dy * see ‘ 
«+ Solve the equation a 7 =f by the method for 1<0, and h(t) = f “2 S1lte,convotution Be f. g 
4 = : eS Re, 


of Laplace transfor, given that y = —3 when t= 0, y el He) Tyg) pera! 2 


show that Age 


“0 and p, q are 


=—] whent= 1. 


1984 


2 
} 


<- Solve on + y = secx., 


{ferential cane s ae Sin xX 
u * . ign 3 re : 
eq aca (12x+7y#1) dx +(7xt4ytl) 
ly so eshecent a family of curves having as 

= oer the lines 3x+2y-1=0, 2x+yt+1=0. 
=. * Obtain the differential equation ofall circles ina plane 

ae Se s “s % DP dy 2 dy { dz d?y) 
<= Consider the P iceoe 2. Find that soluuion es ee ee es = 


n the form 7 | hae 


x a dx? } * 


¢ of the equations which assis 3 ¢° (0). 


< Use Laplace <e ‘solve the differential 
t, Sam 
ny e > 
ANS a | 
equation *EWEX FX= ree such that 
4 te dt) . 


1989p 


x(0)=2,x'(0)=-1. 


<- for two functions f, g both absolutely integrable on 


- 


Ex, <0) ; ‘define the conyottin (¥e.* * = i J 


ff LXf), L(g) are ost afte Gedranstorms of C g show 
that L (£* £) = RO (2) ay gD 
tc 
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= Find, Gu ch tot of the function 
L% 4, Qui SE YOn4+)a 


eel 


=] RT) <1 (2nt+2)x 
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Pare 
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inch 


an integrating factor} oe ed: Nigel eOz dy = 0. 
Solve.tlic di X tal equati Dn: ph Shr’ i 


: au : SOlveR a + WGy wand discuss the nature of 


INSPITURE OP MATEEMATICAL SCIESCES 


brewer far LAG OF of COW CANE Epeericutien 


(2) Ordinary Differcntial Equations and Laplace Transforms 


a8 We + Solv a —at y= sinmx 
ae oe ee 
[f the equation Asta Att, #a, =0,(in unknown A) wt Be 


=, *% Bh ties ah 
oF nee pete aan * 
et | 


& Geers + Solve the differential: equation 
has distinct roots A, em =. A, Show, that the 2S, 


a 
tee , eee -€S =A 
“constant coe fiientstof differential equation — 
= FSO ‘ fH }-e5* Ce 


, = has the | =. 


dy 
, given that y =0 and = 
dx 


so 


on 
y=c x3 we aia» c,e* FS acescnducaonaes + ce 


where ¢,, ¢, ....... .. are parameters. what is c,(x}? when x = 0. 


- 
x 


Analyse the situation where the A ~ equation in (a) 


has repeated roots. 


Solve the differential equation .. By eliminating’ the constants a, a6 obtain the differential 


_ is aa ofswhich XY ga -is a solution. 
2 so Se 


: Be 
Tt ee Ethe family of 
aoe foe : — se ‘ 


a U d -= . . 
AF 2x4 P= Vis. oe form. 
Sieeay'= =x) ', wheres is a-vanable 


qo - [f your re 
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fornn free of ese: 


Show that if the function. jaree wt TRS 
iaNe, (1998) 


éfitial equation y. 7 


; + > 2 vane 
>. = 9 Te ve, 


(wr), thengriécan solv 


aie ving differential equation (D*+4) i> 


Solve (D3-I)y = xe* + cos*x. 


Solve (x?D?7+xD-4) y = x? 


Uy ih 5% 
ay. =2 . Find alsolié eWbeneral solution. 
aay? a & & * 


= Show that the systein of confocal conics 


2 2 
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a+a’ b +A 


=I is self orthogonal... 


—xsin y} 


ae + g 2 
eo. Boa L 


oA 
= Solve 7] '+- 
 : 


0. 


LES t 

7 a 4 Syoye dy ci. 1: ES 
aN : 

Given’ thatutlie ‘differential equation (2x?y? +y) dx ~ solution® Rai, 


(x 1y 38) dy has an integrating factor of the form wo (4) 


: Vix 
xy, find its general solution. <= Solve (DD? a y=e hes 
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(3) Ordinary Differential Equations and Laplace Transforms 


‘ bh Y Soi OY 
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dy £ i 
= Solve = + x sin 2y = x'cbs’y: + Solve x? (y—px) = yp# = : 
= Solv NED ? cs : 
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_ we ze 
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s) | | 

- Find ile family of curves whose tangent form angle — =90 when x=0. ..3 @. am 
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